Prior to laying out the framework of our model, we will present key assumptions necessary for the creation of our model. In some instances the assumptions are reasonable, and in other cases simplistic, but necessary. Firstly, our model assumes that z can be grouped into 
Introduction

Background and academic significance
It is common practice to calculate the present value (PV) or net present value (NPV) of a future cash inflow net of the current capital gains tax rate. Various finance, accounting, and investment texts ( [1] [2] [3] , the popular Wiley Finance Series, and many respected undergraduate finance textbooks such as those published by McGraw-Hill, Blackwell) assume or ignore without justification the current capital gains tax rate when reducing the cash flow that is to be discounted. However, using the government's current enacted rate as an estimate of what the future rate will be may lend itself to an inaccurate PV or NPV calculation. If the probability is that a future rate would be different than the current rate one could either use the current enacted rate or the estimated future rate, depending on the magnitude of the probability that the current rate would change to the future rate. Similarly, an investor might want to pay the minimum amount of tax and sell an investment when a tax rate is lower than the current rate, but do so when the investment value is at its highest value. To find the optimal time to sell the investment he would need to know what the future rate was likely to be. If the probability that the rate would be significantly different than the current rate several years from a given starting point, he might wish to use the future rate to accurately gauge the future cost. He could then use a method of numerical optimization to find the values of decision variables that maximize the profit function.
Brief discussion of mathematical tools used in the model
Throughout this paper, P denotes a transition matrix for a Markov process, such that p Pis the probability of moving from state i to state j in one step.
Steps are often a unit of time, a year, a day, a week, etc. For our purposes a step will represent one year. If P is a transition matrix for a Markov process, and v is a distribution vector with the property that vP=v, we call v a steady state vector. In general, to find the steady state vector for a Markov process we need to solve the system of equations given by
x y z P x y z . A steady-state vector of a regular Markov chain is an eigenvector for the transition matrix corresponding to the eigenvalue of 1. It is a convenient fact that a regular transition matrix stabilizes to a steady state distribution and a regular Markov process has only one steady state vector. A regular transition matrix is one that contains only positive entries for some power of the matrix. It is well known that we can find the steady state distribution of a regular transition matrix by raising the matrix to some large power. Once the rows of the matrix are all equal to the desired accuracy upon raising the matrix to some power, the power is large enough. If we allow the initial state to be represented as a vector v, we call v a probability vector (or initial distribution vector). Given a transition matrix of a Markov process, the probability that the chain will be in state i after n steps is
vP . We will define z to be the random variable representing the government's enacted capital gains tax rate in a particular year. The U.S. capital gains tax rate is a simple percentage, which is multiplied against the net gain from the sale or other disposition during a year of an asset held by an individual or entity, to arrive at the capital gains tax.
Data
We begin with a brief description and inspection of the historical capital gains tax rates in the U.S. The U.S. capital gains tax rate is a simple percentage that is multiplied by the gain from the sale or disposition of assets during a year by an individual, corporation, or any other entity of the United States. Thus, for any given year there is a single rate that applies to gain from the sale or disposition of an asset and the data in Table 1 classes, where each class represents the range of potential values for z, and each considered a state in our Markov process. As we will see later, this method, while simplistic, is an analogue to many of the analyses involving comparative statistics (such as those of Aldeman et al. [4] ) and essential for the creation of the model.
We define six states, namely S1, S2,…, S6 , listed in Table 2 above. This seems a reasonable starting point since the enacted tax rate historically has moved within these ranges. However, inspecting Table  1 , it is clear that z has not reached either of the extremes of 0 or 0.85. These have been arbitrarily defined to be the boundaries of our model, necessary to create a finite set of states. Smaller or larger intervals of z could be created as additional or fewer classes and states as the required detail in a particular analysis might vary.
Secondly, changes between these classes of rates can be considered a stochastic process, particularly a Markov process, with transition probabilities remaining constant in time and the probability of changing from one state to another a function only of the two states involved. This is an obvious simplification since we are ignoring the numerous factors that influence the movement of z, such as government surpluses and deficits, U.S. government's fiscal and monetary policy, and the US government's contemporary view toward taxation, periods of war and peace, economic recession and expansion, current fiscal and monetary policy, changes in population demographics, etc. Rather than attempt to study each factor's individual contribution to movements in z, we simply represent the outcome of all these forces by one random variable z, which we want to model. Even though this is a severe restriction, such a treatment is analogous to many analyses involving long-run comparative statistics ( [4] for a comprehensive discussion of this). Nonetheless, utilizing these assumptions we can create a framework where we can analyze the movement of the random variable z over time.
Results
Let a ij be the number of times z moved from class i to class j. Counting the movements (transitions) of z in Table 1 between the classes (states) defined in Table 2 , we arrive at the relative frequency of times z started in a particular state and moved to each of the other states.
The transition probabilities are therefore the transition counts and estimated transition probabilities). To establish dependence of z against the test hypothesis that z is independent we used a chi square test, essentially treating a matrix of transition counts as if it were a contingency Table ( [6] in particular under 2.6 and 2.7). Testing the data in Table 1 resulted in a chi square test of 285.94 and is significant at the 99.5000 percent confidence level. Confident that z is dependent we proceeded to use the estimated transition matrix from (2)  p defined above for ij p . We then define our regular transition matrix of the Markov process to be 0.9200 0.0000 0.0800 0.0000 0.0000 0.0000 0.0000 0.8700 0.0900 0.0000 0.0400 0.0000 0.0000 0.0400 0.920 0.0400 0.0000 0.0000 0.0000 0.0000 0.2200 0.7800 0.0000 0.0000 0.2500 0.0000 0.0000 0.0000 0.5000 0.2500 0.0000 0.0000 0.0000 0 = P .0000 1.0000 0.0000
Examples of Application
We will illustrate practical application of our model through some examples from finance.
Example 1
An NY city investment analyst wishes to calculate the net present value of an equity fund expected to be sold for $100 million seven years from now. The current enacted capital gains tax rate is 0.15, the discount rate is currently 
We use the basic present value formula
where t is the time of the cash flow, i is the discount rate, 1+ i>0 and Rt is the net cash inflow (+) and outflow (-). [Note the analysis could easily be modified for a time series of multiple incoming and outgoing cash flows subject to z using the formula
Since the current enacted capital gains rate is currently in state s 2 , let the initial probability distribution vector be
. Seven steps out the new distribution This shows there is a probability of 0.4205 that the capital gains rate will be the same state 7 steps out. However, there is also a probability of 0.3629 that the rate will transition to the state S 3 (0.25 ≤ z ≤ 0.35) during that time.
The PV calculations for comparison are as follows: Given the probability of the higher tax rate in the future of 0.3629, the analyst may wish to plan for the investment yield at the higher z value in class S 3 .
Example 2
An ambitious Wall Street fund manager wishes to create a commercial real estate fund model whose investment life is to exceed 99 years. He would like to know whether the initial probability distribution of the enacted tax rate will have any effect on the long-term probability distribution of the model. He would also like to know if it is advantageous to start the fund when the rate is in a particular class so that the long-term probability distribution is favorable to his fund's investors. The short answer is no. Earlier we discussed that we could find the steady state transition matrix by raising a regular transition matrix to some large power. If we raise the matrix P to 100 we find that the matrix stabilizes for an accuracy of 4 decimal places. Once the matrix stabilizes, no matter what assumptions are made about the initial probability distribution, the resulting probability distribution is the same. 
The probability distribution will be the same no matter what v we choose when we multiply vP 100 Thus, it does not matter what class the enacted tax rate is in when we begin the fund. Note this is the case because all the rows of the steady state matrix are the same. When we multiply any initial distribution (a row vector), v and P n (a steady state transition matrix), by the rules of matrix multiplication ( [7] or any other elementary linear algebra text), vP n will be the same, namely (0.0902 0.1805 0.5865 0.1066 0.0289 0 . 0 0 7 2 ) for our example.
Conclusion
The ability to forecast the probabilities of a future capital gains rate in the U.S. can be useful to the financial community. Since capital gains rates lend themselves better to stochastic modeling than deterministic modeling, we can look toward the Markov Chain as suitable mathematical tool to model them. It is common practice to calculate the present value (PV) or net present value (NPV) of a future cash inflow net of the current capital gains tax rate. Various finance, accounting, and investment texts use the current capital gains tax rate for purposes of making the calculation. However, using the government's current enacted rate as an estimate of what the future rate will be may lend itself to an inaccurate PV or NPV calculation. Our model allows the creation of long-term forecasts of capital gains tax rates to be used in such calculations, and many more applications where it would be useful to know the likelihood of a particular future capital gains tax rate. Some of the assumptions necessary to create our model, while simplistic have a well documented history of use in other areas of statistical modeling, reference to the published works of which have been made earlier in this paper. While these assumptions represent a simplification of the problem they may be overcome in time as more research is performed in this area. They may also be overcome as additional data (sample size of years to model for example) progresses and we are able to modify them. As we better understand the nature of these rates in the context of financial and economic modeling some of these assumptions may be considered further, and perhaps serve as the basis for future work.
